Game Theory with Application in Economics and Finance

Solution to the Final Exam, Paris Dauphine University - Magistere BFA 2, March 2025

Jérome MATHIS (LEDa)

Duration : 90 mn. No document, no calculator allowed. Answers can be formulated in French or English.

Exercise 1. Markets for loans: Cournot vs Stackelberg

Part A. Cournot game

a) The volume of bank i’s loan L; that maximizes its profit given its competitor loan volume Ej satisfies:

L; € arg Lnle%%)i' 7TZ'(LZ‘, Lj) = TZ'(LZ‘, EJ)LZ — CZ(LZ) + rCBMi(Li)
where the profit function rewrites as
7TZ'(LZ‘, Ej) = (m - 2bL1 - bEj)Ll - CLLZ' — TCB(l — p)Lz
that is
7T2‘(Li, E]) = —2bL22 + (m — bE] —cCr, — TCB(I — ,0))[1Z

The F.O.C. writes as

871'@'

OL;

and gives bank ¢’s best response

= —4bL; + (m —bL; — ¢, — rep(1 — p)) = 0.

m —bL; —cr, —rep(l — p)

Li(Lj) = T

(Note that the S.0.C. is satisfied: %QLE’ =—4b<0.)

b) The pure strategies Nash equilibrium of the second stage game satisfies the fixed point condition:

LI(L(5) = L

where L7(L;) denotes bank j’s best response. That is

b(m—bLi—CLZL;’/‘CB(l—P)) —cr — T'CB(l - p)

4b

m —

=L
which is equivalent to

I (4b —b) (m —cp —rcp(1 —p))  m—cp —rep(l—p)
L 1662 — b2 N 5b

m—cr—rcp(1—p)

By symmetry, we obtain the pure strategies Nash equilibrium (L{, L) with L = LS = B



c) This pure strategies Nash equilibrium decreases with ¢y, and r¢op while it increases with m and p. Not
surprisingly, the lower the marginal cost of loans ¢; and the Central Bank interbank rate rcp (resp. the
higher the intercept of the inverse demand function m), the higher the volume of loan chosen by the banks at
equilibrium. Contrary to the standard result according to which a higher capital requirement p tends to reduce
loan volumes, here a higher capital requirement boosts the loan volumes at equilibrium. This is due to this
particular model, wherein the capital (equity) requirement ratio p incurs no cost and is assumed to benefit the

bank, as it reduces the bank’s balance sheet constraint with the Central Bank.

d) The resulting lending rate (r{,r{) satisfies for i € {1,2}

ré (LY, L) = m — 2oL — bL§

m —cr, —rop(l —p)
—m—3b
" 50
~ 2m+3(cL +rep(l—p))

5
e) Numerical application. For m = 1.5, b = 1/20, rcp = 1.04, p = 15%, and ¢z, = 0.1075, we have

e, +rep(l — p) = 0.1075 + 1.04(1 — 0.15) = 0.9915

So,
— — 1-— 1.5-0.991
LY = L§ _moeL ;:B( P) = 20% ~ 2.034 billions of euro
and ) 5 )
7‘1027“202 mt (CL—ETCB( —r)) ~ 1.1949

Part B. Stackelberg game

f) The subgame perfect Nash equilibrium (L7, L3) solves

LY € arg max 71(Ly, L3(L1)) = r1(L1, L3(L1)) L1 — Cy(Ly) 4+ rep My (Ly)

L1€R+
and
L5 = Ly(L})
From BL .
Li(Ly) = m —bLy —c, —reB(1 —p)
4b
we have
m—>bly —cp — 1-—
(L T3() = m — 2ty — p (PP Sros( o))
~ 3m —TbLy +cp +rep(l —p)
- 4
SO

N 3m —T7bL1 4+ cp +rop(l —
m(Ly, LE(L1)) = ( 1 4L cB( p))Ll—cLLl—rCB(l—p)Ll

7 3 —cr — 1-
T (M renll )




The F.O.C. writes as 9 - 3 a1 )
T m—cp—rep(l—p
=L =0.
oL, gt 4
and gives bank 1’s optimal response

L5 3m—cL—rop(1—p))
14b

(Note that the S.0.C. is satisfied: %2521} =-<0)
Hence,

—bLY —cp, — 1—
L§ = Ly(L7) = =1 Cib re(1 = p)
m—cp —roep(l—p) — (3(m—CL—TCB(1—p))>

4
4b

_ 11(m—cp —rep(1—p))
560
Therefore, the subgame perfect Nash equilibrium is given by (L7, L) = (3(m_CL —rop(1=p))

11(m—cr—rcp(1=p))

14b J 56b )-
g) The graphical representation of both equilibrium points, (LY, LS) and (L7, L3), on the (L1, Lo) axis is
L
*ij
\
\ L¥(La)
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=
L3
Sb-
e =
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h) The resulting lending rates (7“*19 e ) satisfy

1 = ry(L5, I§) = m — 2L — b1

o 3(m—cy—rcp(l—p)) 11(m—cp—rep(l—p)) _ 21m +19 (e, +rep(1 —p))

7 56 56
and

§ = r1 (L9, 1§) = m — 9L§ — bL§

W (m—cL—reg(l—p)) 3(m—cL—rep(l—p))  11m+17(cp +rcp(l —p))
28 14b - 28

=m




i) Numerical application. For m = 1.5, b = 1/20, rcp = 1.04, p = 15%, and ¢z, = 0.1075, we have

cp +rep(l—p) =0.1075 + 1.04(1 — 0.15) = 0.9915

So

LS = 3(m—cr —rep(1 —p)) ~ 2.18 billions of euro

14b
11 — — 1-—
LS = (m —cp —rep(1 = p)) ~ 2 billions of euro
56b
S 2lm + 19 (e, +rop(l — p)) ~ 0.90
! 56

and

oS 11m + 17 (CL + TCB(l — p))
2 28
j) By comparing answers e) and i), the equilibrium interest rates differ from Parts A to B:

~ 1.191

¢ =S =1.195 > 5 ~1.191 > r{ ~ 0.90
A borrower then prefers a competition ¢ la Stackelberg as it results in lower interest rates. Congruently, from
LY ~218> L5 ~2>L{ =L ~184
we see that the aggregate level of loan volumes is higher under this kind of competition

LY + L5 ~ 418 > LY + LY ~ 3.68.



